EXTREMIZERS FOR FOURIER RESTRICTION INEQUALITIES: 

CONVEX ARCS 
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Abstract. We establish the existence of extremizers for a Fourier restriction inequality 
on planar convex arcs without points with colinear tangents whose curvature satisfies a 
natural assumption. More generally, we prove that any extremizing sequence of nonneg- 
ative functions has a subsequence which converges to an extremizer. 
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1. Introduction 

Consider a compact arc r C I 2 of a smooth, convex curve equipped with arclength 
measure a. Assume the curvature k of T to be positive everywhere; equivalently, assume 
that A := minp n is a positive real number. Let t := cr(T) and parametrize T by arclength: 
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7 : [0, £] -> R 2 

s h- 7 ( s ) = ( x (s),y(s)). 

For s G [0,£], let t(s) = (x'(s), y'(s)) be the tangent indicatrix and let 9(s) G 5 1 measure 
the net rotation described by the vector t(s) as we run the curve 7 from to s. In 
other words, if we let &\ = (1,0), then 9 is the unique continuous function satisfying 
t(s) = (cos 0(s), sin 6(s)) for every s G [0,-£], and such that #(0) = arccos(ei • t(0)). The 
function 9 is related to the curvature k via 

0(s) = f K {t)dt. 
Jo 

We further assume that the arc T has no points with colinear tangents^ i.e. points 
7( s o))7( s l) £ r for which i(so) = — t(si)- By compactness, this means that there exists 
some constant 5o > such that 

(1) \t(s) + t(s')\ > 6 , Vs,s' G [0,4 

Certain subsets of T will be of special interest to us. A cap C C T is a set of the form 

C = C(s, r) = {'y(s') G T : \s — s'\ < r} 

for some s G [0, i] and r > 0. We will write \C\ := o~(C). 

The space £ 2 (c) consists of all functions / : T — > C for which the quantity 

|2 / u/„\|2. 



&w := j r \mrda(z) 

is finite. Given / G L 2 (a), the Fourier transform of the measure /<r is defined as 

Mx,t) := / f(z)e-^ t > z da(z). 



The Tomas-Stein inequality [26J, whose proof we recall in the next section, states that 
there exists a finite constant C[r] < 00 for which 

(2) ||/^|U 6(R2) <c[r]||/|| L2(CT) 

for every / G L 2 (cr); by C[r] we mean the optimal constant defined by 

C[r] := sup H/^Hell/llzL)- 

Definition 1. An extremizing sequence for the inequality ^ is a sequence {f n } of func- 
tions in L 2 (o~) satisfying \\f n \\L 2 (cr) — 1 such that \\f n <r\\g — > C[T] as n — > 00. An extremizer 
for the inequality ^ is a nonzero function f G L 2 (a) which satisfies ||/o"||6 = CfrjU/H^^. 

Definition 2. A nonzero function f G L 2 (a) is said to be a <5-near extremizer for the 
inequality © if \\fa\\ 6 > (1 - <5)C[r]||/|| L 2 ((T) . 



^We hope to remove this assumption in a later work. 
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A natural question is whether extremizers exist. More generally one can ask if extrem- 
izing sequences are precompact in L 2 (a). Previous work includes the study of extremizers 
for Strichartz/Fourier restriction inequalities in [15], [13] and [7J. Kunze [15] proved the 
existence of extremizers for the parabola in M? by showing that any nonnegative extremiz- 
ing sequence is precompact. Foschi [13], whose work will be recalled in greater detail in ^HJ 
showed that Gaussians are extremizers for this situation and computed the corresponding 
optimal constant. The best constant and extremizers for the paraboloid in M 3 were also 
computed in [13]. The existence of extremizers for the restriction on the sphere S 2 was 
proved by Christ and Shao in [7J, and this is to the best of our knowledge the only re- 
sult concerning existence of extremizers for the endpoint restriction problem on a compact 
manifold. 

Other results on (non-)existence of extremizers and/or computation of sharp constants 
for Fourier restriction operators and Strichartz inequalities can be found in [U [9j [TT1 [T2| 

□3JEEJE2]. 

Here is our main result: 

Theorem 3. Let T be a compact arc of a smooth, convex curve in the plane without points 
with colinear tangents, equipped with arclength measure a. Assume that the curvature k of 
r is a strictly positive function. If the second derivative of the curvature with respect to 
arclength satisfies 

(3) ^(Po) < l^Pof 

at every po 6 T which is a global minimum of the curvature, then any extremizing sequence 
of nonnegative functions in L 2 (a) for the inequality ([2]) is precompact. 

It is natural to ask about the significance of the geometric condition ([3]). For instance, 
if it is not satisfied, does this mean that extremizers fail to exist? While we are at the 
moment unable to provide a complete answer to this question, we analyze the situation in 
which condition ([3]) fails in a rather strong sense in the companion paper [19] . and establish 
a complementary (negative) result along these lines. 

We conclude this section by briefly outlining the structure of this paper and giving an 
idea of the proof of Theorem O 

In the next section we follow the classical argument of Carleson and Sjolin [3J to prove 
the Tomas-Stein inequality ([2]). Using the analysis of a certain bilinear form from [17^ 121]. 
we establish the following refinement: 

(4) \\Ml°(m*) < ll/ll^su^icr 1 / 4 ^!/! 3 / 2 ^)^ 3 , 

where the supremum ranges over all caps C CT and (3 > is a small universal constant. 

We use estimate ([!]) in <j3]to describe an iterative procedure which takes a nonnegative 
function / G L 2 (a) as input and produces a sequence of functions {/ n } associated with 
disjoint caps {C n } C T for which / = J2 n fn i n the L 2 -sense. This decomposition enjoys 
certain geometric properties which are described in $U After introducing a suitable metric 
on the set of all caps, we establish the fact that distant caps interact weakly. Together 
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with the decomposition algorithm, this implies an inequality of geometric nature which is 
a key step towards gaining control of extremizing sequences. 

In £[5]we prove that any near extremizer satisfies appropriately scaled upper bounds with 
respect to some cap, and we use this to obtain a result of concentration compactness [?] 
flavor in £j6) This result basically states that a nonnegative extremizing sequence behaves 
in one of two possible ways (up to extraction of a subsequence and up to a small L 2 error): 
it is either uniformly integrable, or it concentrates at a point. Precompactness can be 
derived in the former case, since the main obstruction pointed out in is easy to rule 
out: in fact, L 2 weak limits of nonnegative, uniformly integrable sequences of functions are 
nonzero. 

The proof is therefore finished once we show that concentration cannot occur. Aiming 
at a contradiction, we explore some of the properties that an extremizing sequence which 
concentrates at a point would have to enjoy. In £J71 we compute a certain limiting opera- 
tor norm exactly, and in particular show that an extremizing sequence which concentrates 
must do so at a point of minimal curvature. A second ingredient consists in comparing the 
constant C[r] from inequality ([2]) with the optimal constant for the adjoint Fourier restric- 
tion inequality on an appropriately dilated parabola equipped with projection measure, as 
studied in [13] . We accomplish this in postponing some of the more technical estimates 
to Appendix 1. We derive the desired contradiction in fJH and that concludes the proof of 
Theorem [3j 

Notation. If x, y are real numbers, we will write x = 0{y) or x < y if there exists a finite 
constant C such that |a;| < C\y\, and x x y if C _1 |y| < |a;| < C\y\ for some finite constant 
C / 0. If we want to make explicit the dependence of the constant C on some parameter 
a, we will write x = O a (y) or x < a y. As is customary the constant C is allowed to change 
from line to line. If A G R and A C M. d , we denote its A-dilation by A • A := {Ax : x G A}. 
The Minkowski sum of A with itself will be denoted by A+A = {x+x' : x G A and x' G A}. 
Sharp constants will always appear in bold face. By $tz and we will denote, respectively, 
the real and imaginary parts of the complex number z G C. 

Acknowledgments. The author would like to thank his dissertation advisor, Michael 
Christ, for suggesting the problem, and for many helpful discussions and comments. He 
would also like to thank Rene Quilodran for reading an earlier draft of the paper and for 
several suggestions on how to improve the exposition. 



2. The cap estimate 



Let f,geL 2 (a) 



We seek to estimate the L 3 norm of the product 
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For that purpose, it will be enough to estimate the L 3 / 2 norm of the convolution of measures 
fa*ga, which is defined by duality as 



(fa * ga, tp) 



J 



/(7(5))9(7(^))^(7(5)+7(s'))^ , 



for any test function <p G C^(T,a). 

To analyze the integral ([5|), we make the following change of variables: 



(6) 

Splitting 



(s, s') (-> (u, v) = (x(s) + x(s'),y(s) + y(s')), 



f(l(s))g(7(s')) = f(j(s))g(l(s'))(X{s>si} + X{s< s i}) fora.e. (s,s') 



and using the triangle inequality, we lose no generality in assuming that s > s' in the 
support of f('y(s))g( / y(s')). As a consequence, the transformation © is injective in the 
support of f( r y(s))g("f(s')). It follows that 



fa ■ ga(x,t) 



/(7( S (n, V ))) 5 (7( S , (n, W ))) e - J ^'*)-( u ^J- 1 ^, 



r+r 



where by J = J(s(u,v), s' (u,v)) we denote the Jacobian of the transformation © on the 
region {s > s'}: 



J(s,s') 



d(u, v) 



d{s,s>) 
Note that, for (u,v) G R 2 , 

fa*ga(u,v) = 



\x'(s)y'(s') - x'(s')y'(s)\ = \ sm(9(s) - 9(s'))\. 



f(j(s(u, v)))g( 7 (s'(u, v))) J- 1 if (u,v) £ r + r 
otherwise. 



The Hausdorff- Young inequality implies that 
(7) 



Wfvgvh ^ 1 1 fv*^ 1 1 3/2 ^ 



J 



l/(T(s))| 3/2 |5(T(s , ))| 3/2 |sin(^(s)-^( s '))r 1/2 ^ s ' 



A 2/3 



Since T has no points with colinear tangents (i.e. condition (JTJ) holds), 

sin(0(«) - e{s'))\ > min{^(s) - 0(s%5 (l + O(5 2 ))} 
for every s, s' G [0,1]. On the other hand, since A = minr k, 



\9(s) -9(s')\ = / K (t)dt 



> X\s — s'\. 
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It follows that 

II/* * HI3/2 £ I I l/(7(s))| 3/2 |5(7(s / ))| 3/2 | sin(0(s) - e^))!- 1 / 2 ^' 
' JO Jo 

<AA r l/(T(5))| 3/2 b(T(5 , ))| 3/2 k - ^l" 1 / 2 ^^'. 
Jo Jo 

Note that the implicit constant blows up as A 4- + , and this is why we assume that T has 
everywhere positive curvature. 

For < a < 1, consider the bilinear form: 



B a (F,G) := [[ F(x)G(x') 

J JR 2 



X — X 



n—a 



dxdx' . 



The case a = 1/2 is related to the preceding discussion. In fact, setting F := I/07I 3 / 2 and 
Q ■= \g o 7I 3 / 2 , we already know that 

(8) \\fa*ga\\l / / 2 2 <B 1/2 (F,G). 

For < a < 1 and p = 2/(2 — a), the Hardy-Littlewood-Sobolev inequality implies that 
\B a (F,F)\ < p ||F|| 2 ^ K( ^. In particular, estimate ([8]) combines with the L 4//3 bound for 
B1/2 to yield the Tomas-Stein inequality ([2]): 

WMo = IK/^llf < [l/o-* f°t% % B 1/2 (F,F)V 3 < WFW^l = ||/|| i2(CT) . 

Following previous work from |18| and [IT], Quilodran proved in |2 1 1. Proposition 4.5] 
that, for the same range of a and value of p, there exists a constant /3 > such that 

(9) \B a (F,F)\ < \\F\\l~P sup 

for every F G L P (R). Here the supremum ranges over all compact intervals / of R. If 
instead of the L 4 / 3 bound for B\j2 we use the more refined estimate ([9]), then reasoning in 
a similar way as before leads to the following improved estimate: 

Proposition 4. (Cap estimate) There exists C < 00 and j3 > such that for every 
f G L 2 (o~), the following estimate holds: 

(10) WMl^) < C||/||^ / ) 2 sup(|C|- 1 / 4 ^|/| 3 / 2 ( ia) /3/3 . 

Proo/. Set, as before, F(s) := |/(7(s))| 3/2 . Then © and © imply: 

ll/^lle < ||/a*/a||^ < ^(F,^) 1 / 3 < ||F|| 2 /^ /3 sup(|/|- 1 / 4 ^|F( S )|d S ) /3/3 

=ii/ii^ / ) 2 S u P (|crv 4 | c i/| 3 /^) /3/3 , 

as desired. □ 



EXTREMIZERS FOR FOURIER RESTRICTION INEQUALITIES: CONVEX ARCS 



7 



3. The decomposition algorithm 

The cap estimate ()10p is the only ingredient we need to prove the analog of Lemma 
2.6], which establishes a weak connection between functions satisfying modest lower bounds 
ll/°"l|6 ^ ^ll/lb and characteristic functions of caps: 

Lemma 5. For any 5 > there exist C$ < oo and r}$ > with the following property: if 
f G L 2 (a) satisfies ||/c||6 > <5 C [r] 1 1 ^ 1 1 x, 2 (o-) ^ then there exists a decomposition f = g + h 
and a cap C C T satisfying 

(11) < \g\,\h\ < |/|, 

(12) g, h have disjoint supports, 

(13) \g( 7 (s))\ < CsWfW^Cr^xMs)), for all s G [0,4 

(14) IMb(<x) >wII/IIl»- 

Proof. The proof is analogous to the one of Lemma 2.6] but we reproduce it here 
for the convenience of the reader. We can, without loss of generality, normalize so that 
\l 2 (cj) = 1- By Proposition |4] there exists a cap C such that 

\f\^do>\c{5)\C\^. 

Here c(5) = cq ■ <5 3// ^ for some absolute constant cq > whose exact value is not important 
for the analysis. Let R > 1, and define E := {7(5) G C : |/(7(s))| < R}- Set g = fxE and 
h = f — fxE- Then g and /1 have disjoint supports, g + h = f, g is supported on C, and 
Iblloo < R- Since |/i(7(s))| > i? for almost every 7(5) G C for which /i(7(s)) 7^ 0, we have 

/ \h\ 3 / 2 da < R- 1 ' 2 [ \h\ 2 da<R- 1 l 2 \\f\\ 2 2 = R- 1 l 2 . 
Jc Jc 

Define R by R~ x l 2 = ^c(<5) |C | x / 4 . Then 

f \g\ 3 / 2 da = [ \f\ 3 ' 2 da- [ \h\ 3 / 2 da > -AS)^ 1 ^. 
Jc Jc Jc 4 

By Holder's inequality, since g is supported on C, 

\\g\h > |Cr 1/6 ( / |5| 3/2 ^) 2/3 > c'(5) = c'(5)\\f\\ 2 > 0. □ 

Conditions [13] and Q3] easily imply a lower bound on the L 1 norm of g: 

Lemma 6. Let g G L 2 (a) satisfy \g(x)\ < a\C\~ l l 2 xc{ x ) an d \\9W2 > b for some a, b > 
and C C r. Then there exists a constant C = C(a,b) > such that 

\\g\\m*) > cici 1 / 2 . 
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Proof. Estimate: 

\\9\\lH*) = [ \9\da > a-^C^UW,^ > a^b 2 ^ 1 ' 2 . □ 

In what follows we will restrict our attention to nonnegative functions Indeed, by 
Plancherel's theorem, inequality ([2]) is equivalent to 

(15) \\fa * fa * < ^ll/Hlv). 

The pointwise inequality \fa * fa * fcr\ < \f\cr * \ f\cr * \ f\cr then implies that, if / is an 
extremizer for inequality ([2]), so if |/|; similarly, if {f n } is an extremizing sequence, so is 

{\fn\}- 

A decomposition algorithm analogous to the one from Step 6A] may be applied to 
any given nonnegative / G L 2 (a). We describe it precisely: 

Decomposition algorithm. Initialize by setting Gq = f and eo = 1/2. 

Step n: The inputs for step n are a nonnegative function G n G L 2 (a) and a positive 
number e n . Its outputs are functions f n ,G n+ \ and nonnegative numbers e*,e n+ i. 

If ||G n <7 * G n a * G n cr\\2 = 0, then G n = almost everywhere. The algorithm then 
terminates, and we define e* = 0, f n = 0, and G m = f m = 0, e m = for all m > n. 

If < \\G n a * G n a * G n a\\2 < (27r) —1 C [r] 3 1| /Hi? then replace e n by e n /2; repeat until 
the first time that \\G n a * G n a * G n a\\ 2 > e^(27r) _1 C[r] 3 ||/|||. Define e* to be this value 
of e n . Then 

(16) «) 3 ^4/i < \\G n a * G n a * G n a\\ 2 < 8(e* n f^±\\f\\i 

Apply Lemma El to obtain a cap C n and a decomposition G n = f n + G n+ \ with disjointly 
supported nonnegative summands satisfying f n < C n \\f\\2\C n \~ 1/2 xc n and [|/ n [| 2 > %||/||2- 
Here, C n ,r] n are bounded above and below, respectively, by quantities which depend only 

1/3 

on \\G n a * G n a * G n a\\ 2 /||G n ||2 <; e*. Define e n+ i = e*, and move on to step n + 1. □ 
The following exact analogs of Lemmas 8.1, 8.3, 8.4] hold: 

Lemma 7. Lei / G L 2 (a) be a nonnegative function with positive norm. If the decomposi- 
tion algorithm never terminates for f , then e* — > as n — >■ oo ; and X^n=o fn—^fin ^ 2 ( <T ) 
as iV — )• oo . 

The proof of Lemma[7]is identical to the corresponding one in [7] and therefore is omitted. 

This decomposition is in general very inefficient. However, if / nearly extremizes in- 
equality ([2]), then more useful properties hold. Before we turn into these, let us recall a 
useful fact about near extremizers which already appeared in [20 1 Lemma 9.2]: 



For much of the analysis this makes no difference, but nonnegativity will play a crucial role in ij6]when 
we establish precompactness of uniformly integrable extremizing sequences; see the proof of Lemma 1231 
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Lemma 8. Let f = g + h E L 2 (a). Suppose that g _L h, g ^ 0, and that f is 5-near 
extremizer for some 5 6 (0, T/ien 

(17) n^ max lw 



-fTere C < 00 is a constant independent of g and h. 

The proof is almost identical to that of [7J Lemma 7.1] but we reproduce it here for the 
convenience of the reader. 

Proof. The inequality is invariant under multiplication of / by a positive constant, so we 
may assume without loss of generality that \\gW2 = 1- We may assume that ||/i|| 2 > 0, since 
otherwise the conclusion is trivial. Define y = \\h\\2 and 

\\ha\\ 6 

V 



C[T]\\h\\ 2 

If r/ > n then (|17p holds trivially with C = 2/C[T], for the left-hand side cannot exceed 1 
since f = g + h with g J_ h. 
We also have that 

(1 - S)C[r][|/[| 2 < < \\ga\\ 6 + \\ha\\ 6 < C[T}(1 + rjy). 

Since g _L h, H/H 2 ; = 1 + y 2 and therefore 

(l-5)(l + y 2 ) 1/2 < 1 + 

Squaring gives 

(l-25)(l + y 2 ) < l + 2rjy + r 1 2 y 2 . 

Since 5 G (0, 7] and 77 < i, 

^y 2 < 25 + 2r?y + ify 2 < 25 + 2??y + ^-y 2 

whence either y 2 < 16(5 or y < 16r). 

Substituting the definitions of y,rj, and majorizing H/1H2/II/H2 by ||fo||2/||s[|2j yields the 
stated conclusion. □ 

Regardless of whether the decomposition algorithm terminates for /, the norms of f n , G n 
enjoy upper bounds independent of /, for all but very large n: 

Lemma 9. There exist a sequence of positive constants j n — >0 and a function N : (0, 1] — > 
N satisfying N(5) — > 00 as 5 — > with the following property: for any nonnegative 5- 
near extremizer f € L 2 (o~), the quantities e* and the functions f n ,G n obtained when the 
decomposition algorithm is applied to f satisfy 

(18) e* n < ln for all n < N(5), 

(19) ||G„|| 2 < 7n ||/|| 2 for all n < N(S), and 

(20) ||/„|| 2 < 7n ||/|| 2 for all n < N{5). 
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Proof. By (PJ and CE]), 

c[r]3 3 c[r]3 c[rf 

-^j— \\ G nh > \\ G nO- * G n a * G n a\\ 2 > (ej ||/|| 2 = {~^Q~jr~ ) ' W^nh' 

so e* < || G n || 2/ 1| /|| 2- Thus the second conclusion implies the first. Since ||/ n ||2 < ||G n ||2, 
it also implies the third. 

We recall two facts. Firstly, Lemma [8] applied to h = G n and g = fo + ■ ■ ■ + f n -i asserts 
that there are constants cq,C\ G M + such that whenever / G L 2 is a 5-near extremizer, 
either 1 1 C^cr 1 1 6 > Co 1 1 1 1 1 1 1 1 1 2^ 1 ' or ll^nlb < Ci 1 1 y 1 1 2 - Secondly, according to LemmaEJ 
there exists a nondecreasing function p : (0, 00) — > (0, 00) satisfying p(t) — > as t — > such 

that for every nonzero / G L 2 and any n, if ||G ra <7||6 > i||G n ||2, then ||/ n ||2 > />(i ) 1 1 Ctt. 1 1 2 - 

Choose a sequence {7 n } of positive numbers which tends monotonically to zero, but does 
so sufficiently slowly to satisfy 

(n + l)7n/?(co7n) > 1 for all n. 
Define N(5) to be the largest integer satisfying 

7N(S) > C x b x l 2 . 

Note that N(5) — ^ 00 as 5 — » because 7„ > for all n. 

Let /, 5 be given. Suppose that n < N(5). Aiming at a contradiction, suppose that 
||G n || 2 > 7n||/||2. Then by definition of N{5), \\G n \\ 2 > CiS^Wfh- By the above di- 
chotomy, 

||G n (T|| 6 > Co || G n || 2 II /II 2 1 - Co7n||G n || 2 . 

By the second fact reviewed above, 

ll/nlb > p(co7n) \\Gnh ^ 7raP(co7n)||/||2- 

Since ||G m ||2 > ||G n ||2 for every m < n, the same lower bound follows for ||/ m ||2 for 
every m < n. Since the functions f m are pairwise orthogonal, ^2 m<n H/mlll ^ WfWh an d 
consequently (n + l)7nP(co7n) < 1, a contradiction. □ 

The following lemma is a direct consequence of the decomposition algorithm coupled with 
Lemma [5J 

Lemma 10. For every e > there exist 5 e > and C e < 00 such that, if f G L 2 (a) is a 
nonnegative 5 e -near extremizer, then the functions f n ,G n associated to f by the decompo- 
sition algorithm satisfy, for every n G N, 

(i) // ||G n ||2 > e || /|| 2 then there exists a cap C n CT such that 

fn < C e \\fUCn\- l/ \ Cn . 

(ii) //||G n ||2>e||/|| 2; then ||/ n || 2 > <y/|| 2 . 
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4. A GEOMETRIC PROPERTY OF THE DECOMPOSITION 

Consider two caps C,C C T, and assume without loss of generality that \C'\ < \C\. Let 
/, g G L 2 (a) be such that supp(/) C C and supp(g) C C. The following estimate is a direct 
consequence of (J7J) and Holder's inequality : 

, oV > „, II < / iny|sin(g( S )-g( S Q)| r i/3 

(21) \\fcr*9^h/2< [ | C |i/2| C /|i/2 ) \\j\\lH*)\\9\\l2(*)- 

We can rewrite this estimate in the following way: letting £(C,C) := inf se c s'eC I s ~~ 
then (|5J) and Holder's inequality imply 

( 22 ) ||/cr * flO-|| 3 /2 5 ( | C |l/2| C /|l/2 j \\f\\L^a)\\9\\L^a)- 

For characteristic functions of caps we have the following additional estimate: 
Lemma 11. Let C,C' C T be caps. Then: 

(23) \\XC" * XC'°\\zfi/*p*) < (^) V1 V| 1/2 |C / | 1/2 . 

Proof. Without loss of generality we might assume that 10|C| < \C\, otherwise estimate 
(f23l) is just a consequence of the fundamental inequality 



(24) \\f<r*9<rh/2<\\f\\l?(*)\\9\\v(*)- 

Let C* be a cap neighborhood of C with the same center and of size \C*\ = |C | 3 / 4 |C r | - L /'* . 
Split xc = Xcnc* + Xc\c* • Then 

\\xccr * xc^h/2 < \\xcnc*o- * xc^h/2 + \\xc\c* a * Xc^h/2- 

The first summand can be easily estimated using (124j) . While C \C* is not necessarily a 
cap, it is the union of at most two caps, say, C\ and C2. We can use estimate ([22]) to control 
the contribution of each of these caps. Noting that 

mm{e(C 1 ,C'),t(C2,C')}>£(C\C*,C) > \C*\, 

we have that 

\\xc<?*xc>o-h/ 2 <[\cnc 1 +( k|Ci|1/2|c , |1/2 j icii +{jc^cfj2) i^rjicr 

<f|r|V2 , / |g1 \~ 1/3 i r |l/2\i r /|l/2 

as desired. □ 
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The set of all caps can be made into a metric space. We define the distance d from 
C = C(s, r) to C = C(s' ,r') to be the hyperbolic distance from (s, r) to (s', r') in the upper 
half plane model. More explicitly, we have that 

(25) d(C,C) := arc cosh + J ' 



2rr' 

If s = s', then the distance depends only on the ratio of the two radii. When r = r' , the 
distance is >c r~ 1 \s — s'\ and so this distance has the natural scaling. 

We can use estimates ((221) and (|23l) to prove that the quantity ||xc°" * XC"7||3/2 is much 
smaller than the trivial bound |C| 1//2 |C| 1//2 unless C,C have comparable radii and nearby 
centers: 

Lemma 12. For any e > there exists p < oo such that 

||XCcr*XC'0-|li3/2(M2) < e\C\ 1/2 \C'\ 1/2 

whenever 

d(C,C) > p. 

Proof. Let C = C(s,r) and C = C'(s',r'). As before, assume r' < r. We consider three 
cases. 

Start by assuming that C and C have comparable radii: say, j^r < r' < r. Then C 
and C are not far apart unless the corresponding centers are far apart. We may therefore 
assume that |s — s'\ > lOr, which in turn implies £{C,C) > \s — s'\. Using estimate (|22p . 
we conclude that 

Wxe^xwh/i < (^) _1/3 |C| 1/2 |C'| 1/2 < (coahp)- 1 /«| C | 1 / a |C| 1 / a 

provided d(C,C) > p. 

Assume now that 10r' < r. If \s — s'\ < lOr, then we can use Lemma [11] to conclude 

iix^*xc^ii3/2<(^) 1/12 icr /2 ici i/2 . 

This quantity is < (coshp)" 1 / 12 ^! 1 / 2 ^'! 1 / 2 provided d(C,C) > p, and this concludes the 
analysis in this case. If on the other hand \s — s'\ > lOr, then d(C,C) > p implies 

j— > cosh p or — > cosh p. 

Using, as before, estimate (|22[) in the former case and Lemma [11] in the latter, we arrive 
at the desired conclusion. □ 

For applications later on, we will need a trilinear version of this lemma which follows 
immediately from the previous result: 



Corollary 13. For any e > there exists p < oo such that 
\\Xco- * xc'O- * Xc"0-\\ L i 



< e|C| 1 / 2 |C / | 1 / 2 |C"| 1/2 
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whenever 

max{d(C,C'),d(C ,C"),d(C" ,C)} > p. 
Proof. Using Cauchy-Schwarz, 

1 /2 1/2 

(26) \\xco- * xc'O- * XC'vh < Wxco- * xco- * Xc^h Wxc'P * Xc"° * XC'^h • 

Without loss of generality we may assume that the caps C and C are far apart: in view 
of Lemma [T2j we can choose p < oo so that d(C,C) > p implies \\xc& * XC"7||3/2 < 
e 2 \C\ l / 2 \C'\ 1 / 2 . Bound the first factor appearing in ([26]) as follows: 

Wxco- * xco- * xc'O-h ^ \\xc~o- ■ xco- ■ xlycrh - Wxc^WeWxc^ • Xc^lb 
< llXcS-llellXCO" * XC'Cr||3/2 < e 2 \C\\C \ 1/2 . 

The proof is then complete in view of the trivial estimate ||xc cr *XC"< J *XC" '||2 < IC'I 1 / 2 ^"]. 

□ 

Corollary 1131 allows us to establish the following additional inequality of geometric nature, 
which can be proved in an identical way to [20] Lemma 2.38]. 

Lemma 14. For any e > there exist 5 > and A < oo such that for any nonnegative 
f G L 2 (a) which is 5 -near extremizer, the summands f n produced by the decomposition 
algorithm and the associated caps C n satisfy 

d(Cj,C k ) < A whenever \\fj\\ 2 > e||/|| 2 and ||/ fe || 2 > e||/|| 2 . 

We provide one proof which follows the proof of Lemma 9.2] more closely: 

Proof. It suffices to prove this for all sufficiently small e > 0. Let / be a nonnegative L 2 
function which satisfies \\fW2 = 1 and is 5-near extremizer for a sufficiently small 5 = 6(e), 
and let {/„, G n } be associated to / via the decomposition algorithm. Set F = Yln=o fn- 

Suppose that ||/j || 2 > e and ||/fc || 2 — e - Let N be the smallest integer such that 
1 1 Civ+i 1 1 2 < e 3 - Since ||Gn||2 is a nonincreasing function of n, and since ||/ n || 2 < ||G n ||2, 
necessarily jo,ko < N. Moreover, by Lemma [U there exists M t < 00 depending only on 
e such that N < M t . By Lemma [TUl if 6 is chosen to be a sufficiently small function of 
e then since ||G n ||2 > e 3 for all n < N, f n < 9(e)\C n \~ 1 ^ 2 xc n f° r all such n, where 9 is a 
continuous, strictly positive function on (0, 1]. 

Now let A < 00 be a large quantity to be specified. It suffices to show that if 5(e) is 
sufficiently small, an assumption that d(Cj,Ck) > A implies an upper bound, which depends 
only on e, for A. 

As proved in Lemma 9.1], there exists a decomposition F = F% + F 2 = Y^neSi f n + 
SneS2 $ n w here [0,N] = Si U S 2 is a partition of [0, N], jo G Si, ka G S 2 , and d{Cj,C^) > 
X/2N > X/2M e for all j G Si and k G S 2 . Certainly ||iq|| 2 > ||/ io || 2 > e, and similarly 
11-^2 1| 2 > £• One of the cross term satisfies 
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\\F x a * Fia * F 2 a\\ 2 < E E ^2 Wf i(T * h a * fk a h 
ieSi jeSi fce5 2 

<^) 3 EE E icr 1/2 ic,r 1/2 ic fe r 1/2 iixc-*xc-*xc^ii 2 

i&Si jeSi fces 2 
< M 3 7 (A/2M e )#(e) 3 

where 7(A) — > as A — > 00 by Corollary 1131 The other cross term F\a * F 2 a * F 2 a can be 
estimated in an identical way. It follows that 

\\Fa * Fa * Fa\\ 2 < \\Fi<r * F\a * Fi<j\\ 2 + \\F 2 a * F 2 a * F 2 a\\ 2 + 3||Fi<r * Fia * -P2 c" 1 1 2 + 
+ 3 1 1 i 7 ! fr * F 2 a * F 2 a\\ 2 

< (2^)- 1 C[r] 3 (||F 1 ||i + \\F 2 \\l) + 6M 3 7 (A/2M e )#(e) 3 . 
Since F\ and F 2 have disjoint supports, 1 1 i 7 ! 1 1 1 + \\F 2 \\ 2 < ll/lli = 1 an< ^ consequently 

Ml + M! < maxdlFilla, \\F 2 \\ 2 ) • (Hi^ 2 + \\F 2 \\ 2 2 ) < (1 - e 2 ) 1 ' 2 ■ 1 < (1 - e 2 ) 1 ' 2 . 
Thus 

* Fa * Fa\\ 2 < (2tt)~ 1 C[F] 3 (1 - e 2 ) 1/2 + 6M 3 7 (A/2M e )(9(e) 3 . 

Since 

(2^)- 1 C[r] 3 (l - 5f < II/ct * fa * fa\\ 2 < \\Fa * Fa * F<t|| 2 + C[|F[|§[|GW+i| 



.12 

.12 

by transitivity we have that 



< ||Fa*Fa*FcH| 2 + Ce 3 , 



(2^)- 1 C[r] 3 (l - 5) 3 < Ce 3 + (2 7 r)- 1 C[r] 3 (l - e 2 ) 1/2 + 6M 3 7 (A/2M e )#(e) 3 . 

Since 7 (i) — >• as t — > 00, this implies, for all sufficiently small e > 0, an upper bound for 
A which depends only on e, as was to be proved. □ 



5. Upper bounds for extremizing sequences 

The decomposition algorithm and Lemma [J3] allow us to prove that any near extremizer 
satisfies appropriate scaled upper bounds with respect to some cap. First we need a 
definition: 



Definition 15. Let : [l,oo) — > (0, 00) satisfy Q(R) — > as R — > 00. A function 
f E L 2 (a) is said to be upper normalized (with gauge function ) with respect to a cap 
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C = C(7(so),?"o) C T of radius ro and center 7(^0) if 

(27) \\f\\ L 2 (a) < C < 00, 

(28) / l/(7(^))| 2 ^ < 0(R), Vi?>l, 

(29) / \f(l(s))\ 2 ds < e(R), VR>1. 

J {s:\s-s \>Rr } 

Proposition 16. There exists a function : [1, 00) — > (0,oo) satisfying Q(R) — > as 
R — > 00 with the following property. For every e > 0, there exist a cap C C T and a 
threshold 6 > such that any nonnegative f G L 2 (a) which is a 5 -near extremizer with 
H/H2 = 1 may be decomposed as f = F + G, where: 

(30) G, F > have disjoint supports, 

(31) l|G|| 2 <e, 

(32) F is upper normalized with respect to C. 

Proposition [16] is actually equivalent to the following superficially weaker statement: 

Lemma 17. There exists a function Q : [l,oo) — > (0,oo) satisfying Q(R) — > as R — >• 00 
with the following property. For every e > and R > 1, there exist a cap C = C(so, ro) and 
a threshold S > such that any nonnegative f G L 2 (a) which is a 5 -near extremizer with 



||/||2 = 1 may be decomposed as f = F + G, where: 

(33) G, F > have disjoint supports, 

(34) ||G|| 2 < e, 

(35) / F^fdsJ F( 7 (s)) 2 ds<@(R), VRe[l,R]. 

J{s:F(-y(s))>Rr 1/2 } J { s -\ s - So \> Rro } 



Proof that Lemma [T7] implies Proposition [16] is the exactly the same as in p. 26] and 
so we do not include it here. 

Proof of Lemma \ 1 1\ Let rj : [l,oo) — > (0,oo) be a function to be chosen below, satisfying 
n(t) — > as t — > 00. This function will not depend on the quantity R. 

Let R > 1, R G [1, R], and e > be given. Let 5 = 5(e, R) > be a small quantity to be 
chosen below. Let < / G L 2 (a) be 5- near extremizer, with H/H2 = 1- 

Let {/ n } be the sequence of functions obtained by applying the decomposition algorithm 
to /. Choose 5 = 5(e) > sufficiently small and M = M(e) sufficiently large to guarantee 
that ||Gj\/ + i||2 < e/2 and that f n ,G n satisfy all the conclusions of Lemma [TOl and Lemma 
Elforn < M. Set F = EjLo /«• Then || / - F|| 2 = ||Gm+i|| 2 < e/2. 

Let iV G No be the minimum of M, and the smallest number such that H/7V+1H2 < rj. N 
is majorized by a quantity which depends only on rj. Set T = Tjsi = Sfc=o fk- ^ follows 
from part (ii) of Lemma 1101 that 

(36) \\F - F\\ 2 < \\G N+l \\ 2 < Civ) wh ere ((v) ~* as 7/ -)■ 0. 
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This function ( is independent of e and R. 

To prove the lemma, we must produce an appropriate cap C = C(sq,vq), and must 
establish the existence of 0. To do the former is simple: to /o is associated a cap Cq 
such that /o < C|Co| _1 ^ 2 XCo- Then C = Co is the required cap. Note that, by Lemma EJ 
II /o 111 > c for some positive universal constant c. 

Suppose that functions it! ^ rj(R) and R h-» Q(R) are chosen so that 



(37) 7](R) -+ as R -> oo 

(38) C(??(^)) 2 < 8(-R) for all E. 

Then, by ([36]) . F — T already satisfies the desired inequalities in L 2 (a), so it suffices to 

— 1/2 

show that ,F(7(s)) = whenever |s — sq\ > i?ro, and that H-^Hoo < Rr ■ 

Each summand of T satisfies /& < C{rj)\Ck\~ l ^ 2 Xc k where C{rf) < oo depends only on 
77, and in particular, is supported in Cfc. ||/fc||2 > V for all < N, by definition of iV. 
Therefore by Lemma there exists a function r/ 1— >• X(rj) < 00, such that if 5 is sufficiently 
small as a function of 77 then d(Ck,Co) < \(rj) for every k < N. This is needed for 77 = ??(i?) 
for all i? in the compact set so such a 5 may be chosen as a function of R alone; 

conditions already imposed on 5 above make it a function of both e and R. 

In the region of all 7(5) £ T such that |s — sq| > i?ro, either = 0, or has radius 
> ^Rro, or the center 7(5^) of is such that |sfc — sq| > ^-R^o- Choose a function 1— >• ??(-R) 
which tends to sufficiently slowly that the latter two cases would contradict the inequality 
d(Cfe,Co) < A, and therefore cannot arise. Then F{^/{s)) = when \s — s$\ > Rro. 
With the function 77 specified, can be defined by Q(R) := ((r](R)) 2 . Then 

(39) f F{ 1 {s)) 2 ds < @(R), Vi? e [1,R]. 

J {s:\s- s \>Rr } 

— 1/2 

We claim next that H^Hoo < R r o if i? is sufficiently large as a function of 77. In- 
deed, because the summands have pairwise disjoint supports, it suffices to control 
maxfc<jv ||/fc||oo- Again by Lemma \TU\ ||/fc||oo < C( r ?)|Cfc| -1 ^ 2 - If is chosen to tend to 
zero sufficiently slowly as R — > 00 to ensure that 2C(r](R)) cosh X(r)(R)) < R for all k < N, 
then 

ll/fclU < i?(2coshA(r7( J R)))" 1 r fc 1/2 < Rr 1/2 
since d(Ck,Co) < X(j](R)). It follows that 

(40) / F( 7 ( s )) 2 d s < 0(i?), Vi?eM], 

provided that is defined as above. 

The final function 77 must be chosen to tend to zero slowly enough to satisfy the require- 
ments of the proofs of both (f39|) and (|3D"]) . □ 
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6. A CONCENTRATION COMPACTNESS RESULT 

Let us start by making precise the previously mentioned notions of uniform integrability 
and concentration at a point. 

Definition 18. Let (X,S,/i) be a measure space and let p G [l,oo). A subsetU of L P (X) 
is called uniformly integrable of order p if for every e > there exists 5 > such that for 
every measurable subset A of X for which fJ-(A) < 5, 

/ \f\ p dfi < e, for every f eU. 
J A 

If U is a bounded subset of L P (X), it is straightforward to check that U is uniformly 
integrable of order p if and only if 

lim / \f\ p dn = 
R ^°°J{\f\>R} 

uniformly with respect to / € U. 

If the measure space is finite, then it is well-known that uniform integrability coupled 
with a weaker form of convergence is enough to ensure strong convergence: 

Proposition 19. Suppose n{X) < oo, and let p G [1, oo). Let {f n } be a sequence in L P (X) 
and let f £ L P (X). The sequence {f n } converges to f in L p if (and only if) the following 
two conditions are satisfied: 

(i) The sequence {f n } converges in measure to f ; 

(ii) The family {f n : n £ N} is uniformly integrable of order p. 

Proof We prove only the direction that will be of use to us (the i/part). The assumptions, 
together with the fact that any family consisting of one single function is automatically 
uniformly integrable, make it clear that the family {/„ — / : n G N} is also uniformly 
integrable of order p. Given e > 0, 

/ \f-fn\ p dfi<e p fi(X). 

J{\f-fn\<e} 

On the other hand, fi({\f — f n \ > e}) — > as n — > oo because of the convergence in measure, 
and so 

lim f \f-f n \ p dfi = 

by definition of uniform integrability. The conclusion follows. □ 

Definition 20. For p = 7(so) £ I\ we say that a sequence {f n } of functions in L 2 (a) 
satisfying \\f n \\2 — > 1 as n — > oo concentrates at p if for every e,r > there exists JVeN 
such that, for every n > N, 



lis 



\fn(l(s))\ 2 ds<e. 
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These introductory remarks are relevant in the context of the following concentration- 
compactness result which is a consequence of Proposition [TBI 

Proposition 21. Let {f n } be an extremizing sequence for ([2]) of nonnegative functions in 
L 2 (a). Then there exists a subsequence, again denoted {fn}, a nd a decomposition f n = 
F n + G n where F n and G n are nonnegative with disjoint supports, \\G n \\2 — > 0, and {F n } 
satisfies one of the two possibilities: 

(41) {F n : n G N} is uniformly integrable of order 2. 

(42) {Fn} concentrates at a point ofT. 

Proof. Apply Proposition [16] to each element of the sequence {fn} to get a decomposition 
fn = F n + G n where F n ,G n > have disjoint supports and ||G n ||2 — > 0. For each n, 
there exists a cap C n = C(7(s n ),r n ) such that F n is upper normalized with respect to 
C n - It is important to note that Proposition 1161 yields a uniform statement in n i.e. the 
gauge function in conditions (|28j) and (|29|) can be chosen independently of n. Let 
r* := limsup^^TV 

If r* > 0, let {r nk }k be a subsequence which converges to r* . Renaming, we may assume 
that \\nin—>oo r n = r*. Choosing TV G N large enough so that n> N implies r n >r*/4, we 
have 

/ Fni^fds^f Fn{l{s) f ds < e (^l\ 

J{F n >R} J {F n >^r- 1/2 } V ^ ' 

which tends to as R — > oo, uniformly in n. In other words, the sequence {F n } is uniformly 
integrable of order 2. 

If r* = 0, choose a subsequence {s nk }k converging to some s* G [0, £]. Renaming, we 
may assume that limj^oo s n = s*. Let e, r > be given. Start by choosing N± = N\(r) 
such that \s n — s*\ < r/2 if n > N\. Then \s — s*\ > r implies \s — s n \ > r/2 if n > N\. 
Choose R = R(e) such that Q(R) < e. Finally, choose N2 = -/V 2 (e, r) such that 

r 

r„ < — if n > No. 
2R 

Such N2 exists since lim n _ 5 . 00 r n = 0. If n > max{iVi, ./V2}, we then have that 

! F n (i(s)) 2 ds< f F n ( 7 ( S )) 2 ds< f F n (-f(s)) 2 ds<e(R) <e 

J\s-s*\>r J\s— Sn|>§ J\s-s n \>Rr n 

i.e. the sequence {F n } concentrates at 7(5*). □ 

Fanelli, Vega and Visciglia [UJ proved the following interesting modification of a well- 
known result of Brezis and Lieb [2] which does not require the a.e. pointwise convergence 
of the sequence of functions {h n }- 

Proposition 22 (|11|). Let % be a Hilbert space and T be a bounded linear operator from 
U to L p (R d ), for some p G (2, 00). Let {h n } G U be such that 

W WKWn = !; 

(ii) linin.^oo Hr/i^H^p^d) = ||T||; 
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(iii) h n ^h^0; 

(iv) Th n -)• Th a.e. in R d . 

Then h n — )• h inH; in particular, = 1 and \\Th 



LP (R d ) 



T 



We will be applying this proposition to the adjoint Fourier restriction operator on V with 
% = L 2 (o~). We lose no generality in assuming that conditions (i) and (ii) are automati- 
cally satisfied by any extremizing sequence {fn}- After passing to a subsequence, we may 
assume that {f n } converges weakly in L 2 (a) by Alaoglu's theorem. If f n — in L 2 (a), then 
condition (iv) follows because a is compactly supported. Thus Proposition [22] states that, 
for compactly supported measures, the only obstruction to the existence of extremizers is 
the possibility that every I? weak limit of any extremizing sequence be zero. 

The advantage of working with nonnegative extremizing sequences in this context first 
appeared in the work of Kunze [15] . The following is the sole step in the analysis which 
works only for nonnegative extremizing sequences: 

Lemma 23. Let {fn} and {F n } be as in Proposition \21\ Suppose that {F n } satisfies 
condition (|4ip . Then {f n } is precompact in L 2 (a). 

Proof. By assumption the sequence {F n } consists of nonnegative functions and is uniformly 
integrable of order 2. Moreover, ||-F^||2 — > 1 as n — > oo. 

We first show that every L 2 weak limit of {F n } is nonzero. The set of L 2 weak limits of 
{F n } is clearly nonempty. We can assume, possibly after extraction of a subsequence, that 
F n — F for some F € L 2 (a). Suppose that F = a.e. on T. Then 



Since F n > 0, this means that the sequence {F n } converges to in L 1 (cj), and thus F n — > 
in measure. In view of Proposition 1191 F n — > in L 2 (o~), and so 1 = H-Fnlh — > as n — > oo, 
a contradiction. Thus F ^ as was to be shown. 

We use this to prove that the sequence {f n } is precompact. Since f n = F n + G n , we 
have that 



It follows that 1 1 -f^n ^ 1 1 6 ~~ * C[r] as n — > oo. This means that {F n } is itself an extremizing 
sequence. By the previous paragraph, we can assume, possibly after extraction of a sub- 
sequence, that F n — 1 F for some nonzero F G L 2 (a). Then an application of Proposition 
[221 (with d = 2, p = Q, % = L 2 (a) and T = Fourier extension operator on T defined 
by Tf := fa) allows us to conclude that f n — > F in L 2 (a) as n — > oo, and so {/ n } is 
precompact. □ 




^nCr||6 > ||/nO"||6 



G n a\\ e > ||/ n <7|| 6 -C[r]||G n || 2 . 



We will be done with the proof of Theorem [3] once we show that condition (I42h in 
Proposition [21] cannot happen, and this is the subject of the next two sections. 
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7. Exploring concentration 

We start by recalling some aspects of Foschi's work [13]. Consider the parabola 

F:={(y,z)GR 2 :z = y 2 } 

equipped with projection measur^l dap := dy instead of arclength measure. We have an 
inequality 

(43) \\M\ L °<p) < Cf||/||lV p ), 

where C F denotes again the optimal constant. Foschi showed that extremizers exist for 
the inequality (|43p and computed the optimal constant 

(44) C - (27r)V2 

( 44 ) °F ~ 

2 

An example of one such extremizer is given by the Gaussian G(y) := e~ y . Other extrem- 
izers are obtained from G by space-time translations, parabolic dilations, space rotations, 
phase shifts and Galilean transformations. 

A straightforward scaling argument shows the following: consider the dilated parabola 

P„ :={(y,z)eR 2 :z = ^f}, 

again equipped with projection measure dap^ = dy. Then the optimal constant in the 
inequality 

(45) \\f^jL^)<C F M\fh^) 

satisfies C F [fi] = C F [1]^ 1/6 . In particular, C F [1] = (2ir)V 2 3-V 12 . 

Since projection measure can be regarded as a limit of arclength measures, the analysis 
of extremizers for inequality (j45|) is of significance for our discussion. If an extremizing 
sequence {/ n } for inequality §2$) concentrates at a point 7(s) G T, then the sequence 
consisting of certain natural transplantations of f n to functions f n (each f n begin defined 
on the limiting parabola) will also be an extremizing sequence for (|45p with fj, = ^(7(5)). 
To see why this is the case, denote by T SyT the restriction of the Fourier extension operator 
to a given cap C = C(s, r) C T: 

T s , r f(x,t)= [ f(y)e-^ t >yda(y)= [** f^e^^ds. 



We are interested in the operator norm [|T S)r || := sup^ j 6i 2 ^ ll^r/IM!/!!/ 1 ^ and prove 
the following result: 

Proposition 24. For every s E (0,£), 

lim [|T sr || = Cjt[k(7(s))]. 

r— >0+ 



^See [7] and the references therein for a discussion of why this measure is natural from a geometric point 
of view. 
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Proof. Fix s G (0, 1) and let k := k(7(s)). That the lefthand side is greater than or equal to 

the righthand side can be easily seen by taking the function G(y) = e 2~ and considering 
the dilated family G s (y) = S^G^y) for 5 > 0. For details, see ^8.31 below. 

So we focus on proving the reverse inequality. Let a Str denote the restriction of arclength 

measure a to the cap C(s, r), and denote the triple convolution of a s , r with itself by al,r '■= 
a S)r * a S)r * a s>r . We have that 

\\T s , r f\\ 6 6 = (2vr) 2 f [ \fa SiT * fa s , r * M, r (£, r)| 2 <i^T 

< (27r) 2 J J \f\ 2 a s ,r * \ f\ 2 o- s ,r * \ f\ 2 o- s , r ({,, t) ■ a s , r * o s . r * <7 a , r (£, r)d£dr 

< (2vr) 2 sup aif&r) ■ [ [ \f\ 2 a s , r * \f\ 2 a s , r * \f\ 2 a s ^r)didr 



(5,r)e supp(<T^ r ; ) 

(2vr) 2 ||afc 3 )|| Loo(R2) ||/|| 6 L2((Tsir) , 
where we used Holder's inequality twice. It will then be enough to show that 

C f [k] 6 . 

K^s.r * 0~s,r * C"s,r||oo ^ ~TF. v7~ a ^ r ^ ^ ■ 

After applying a rigid motion^ of R 2 to a cap C = C(s,r), we may parametrize it in the 
following way: 

j St r : I r — > R 2 

y (y,g{y) = fy 2 + ^(y)J, 

where I r is an interval centered at the origin of length x r, n = g"(0)(l + ^'(O) 2 ) -3 / 2 is the 
curvature of V at 7(5), and </> is a real-valued smooth function satisfying (p(y) = 0(|y| 3 ) as 
\y\ — > 0. We also let r) r 6 Cg°(R) be a mollified version of the characteristic function of the 
interval I r : to accomplish this, fix 77 6 Cq°(R) such that 77 = 1 on [—1, 1] and 77^) = if 
|f I > 2, and define r/ r := r?(2|J r .|- 1 -). 

With these definitions we have that, for |f | < |/ r |/2, 

<r.AM = G r (S)6(T - g(£))d£dT, 

where G r (£) := (1 + g' '(£) 2 ) 1//2r 7r(£) is a smooth function supported on {£ € IR : |f| < r}. 
Observe that GV (and therefore <T Sjr ) depends also on s, even though this is not explicitly 
indicated by the notation, with uniform bounds on s and appropriately uniform dependence 
on r after dilations. Following |13j and [22] we compute: 



For a more detailed discussion of this procedure, see 38. II below. 
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a i*?(^ T ) =JJ G r (uji)G r (uj2 - ui)G r (£ - u 2 )S(t - g{u{) - g(u 2 - uji) - g{£ - u 2 ))duj 1 duj2 

'\u\<r \ £, - UJl - UJ 2 ~ UJ 3 J 

Change variables ui = O • £, where O £ SO (3) is the orthogonal matrix 



O 



/ _L L L \ 

' V3 V2 V6 » 

1 1 1 

V 73 76 / 



Under this transformation, 

<(i,i,i), w ) = <(i,i, i),o-c) = <o*- (1,1,1), C) = V3((i, 0,0), c) = V3Ci- 

The integral becomes 



■s 



V2 V6 } A V3 + V2 76 j A V3 + V6 } ' 



T 9{ V3 V2 v / 6 j 9{ V3^ V2 v / 6 j + 



Renaming variables and setting 
this simplifies to 



X(iei < r) 



^(e;C 2 ,C 3 )- 



^^|(C 2 ,C3)l<r 

• * - ^ 2 - i'^' 2 - 4 - % - & - 4 ^ - & - *(§ + Dh*- 

Introducing polar coordinates on the (C2, C3) _ pl ane 5 

aff\£,T) = r) j o< < e r ^,p,e)6(r- ^ -30(|) - ^ p,6)) pdpdO 



where 

® r &p,e) = G r (\- P (^ + 

and 



£ / cos 9 sin 6* \ \ / £ / cos 8 sin 



>3 76 
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, . , fJ _ „. k 9 ,/£\ ,/£ /cos 9 sin0\\ 

(«) ««; p, 9) = ^ - *(!) + *(§ - ^ + + 

, /£ /cos<9 sin6>\\ /£ 2 \ 

We prepare to change variables again. Recall the assumption that k > 0. Note that 
0, 9) = and i/j(£;p,0) > for every sufficiently small p > 0. Moreover, a calculation 
shows that the same thing happens with first derivatives: d p ip(£; 0,9) = and d p ip(£) p, 9) > 
if p > is sufficiently small. We also have that <9 2 V(£; 0, 0) = k + /3) = /3). 

For u > 0, set p = p(u) : = ^ _1 (u), and compute: 



(47) 

(48, =^ f 8,(6 P( r - te - 8«f)),q *-*?:^» «• 



Jo 1 6 s "3'" 'd^Mr-J^ -&«§))) 

Note that, for each G [0, 27r], the integrand in ([4"R]) is supported in the region 

{(£,t) G M 2 : < r - ^ 2 ~ 30(f) < C7^;r,0)}, 

where the constant C < 00 is large enough that the restriction -u < Ctp{^; r, 9) in the 
inner integral of (I47h becomes redundant because of support limitations on factors present 
in its integrand. From expression (|48p it is clear that the restriction of a s ^ r * <j s ^ r * a StT 
to its support defines a continuous function of (£,t) at (0,0). Indeed, & r is a smooth 
function of compact support in the variables £,9 and (r — |£ 2 — 30(|)) 1//2 . Additionally, 
as (£,r) -> (0,0), 



p(r - gg 2 - 30(f)) _ p^-|^-30Ci)WW , 1 1 

^(P(r - f C 2 - 3^(|))) 9 p V(p(r - f e 2 - 30(|))) - 0^(p(O)) & P 1>W)) 9"{0) ' 
If (£, r) G supp(o> iS * <7 r)S * <r r)S ) and r — > + , then (£, r) — > (0, 0). It follows that 



1 f 2n ~ 1 
lim . \\<T r ,s * <Tr,a * <rr,s\\oa = ~7= / ®o(0\ p(0),6) 2 d9. 

r->o+ V3^o <^V(0;p(0),6>) 

2tt (1 + g'(0) 2 ) 3 / 2 _ 2tt 1 _ C F [/t] 6 

" 5"(0) " v 7 ^ ~ (2vr) 2 ' 

as desired. □ 
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An immediate consequence is that an extremizing sequence which concentrates must do so 
at a point of minimal curvature: 

Corollary 25. Let {f n } C L 2 (a) be an extremizing sequence of nonnegative functions for 
inequality ([2]). Suppose that {f n } concentrates at a point 7(5) G T. Then ^(7(5)) = A. 

Corollary 26. Let {f n } o,nd {F n } be as in Proposition\21\ Suppose that {F n } concentrates 
at a point 7(5) G T. Then ^(7(5)) = A. 

8. Comparing optimal constants 

As was mentioned before, a potential obstruction to the existence of extremizers for 
inequality ([2]), and certainly to the precompactness of arbitrary nonnegative extremizing 
sequences, is the possibility that for an extremizing sequence satisfying || /n Hi 2 (o-) = 1> \fn\ 2 
could conceivably converge weakly to a Dirac mass at a point on the curve. Indeed, let 
p G T. The osculating parabola of T at p is f K u,y If C[r] were equal to Cf[k(p)], then 
Foschi's work implies that there would necessarily exist extremizing sequences of the type 
just described. Therefore an essential step in our analysis is to determine under which 
conditions one has that 

C[r] > maxC F [K(p)] =C F [X\. 
per 

The main goal of this section is to prove the following: 

Proposition 27. Let F C M 2 be an arc satisfying the conditions of Theorem O Then 

c[r]>c F [A]. 

8.1. Introducing local coordinates. Let po G T be a point of minimum curvature i.e. 
such that k(po) = A. We will be assuming that po is not an endpoint of T, and we postpone 
the discussion of the validity of this assumption until the end of this section. By translating 
the curve we can assume without loss of generality that po = (0, 0). Possibly after a suitable 
rotation, the arc T can be parametrized in a neighborhood of the origin in the following 
way: 

7 : 1 M 2 

V ^ {y,h(y)), 

wherqj 

Ay 2 

and ifi is a real-valued smooth function satisfying ip(y) = 0(|y| 5 ) as \y\ — > 0. The parameter 
a, on the other hand, is a function of the second derivative of the curvature with respect 
to arclength at 0; see formula (|5ip below. We take / C M. to be an interval centered at the 
origin which will be chosen as a function of A, a and tp later on. Finally, let wj G C^°(1R) 
be a mollified version of the characteristic function of / such that rji = 1 on I and nj = 

^There is no cubic term in the expression for h because by assumption the curvature has a minimum 
at 7(0) = (0,0) = po- Constant and linear terms were likewise removed via the affine change of variables 
described above. 
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outside 2 • I. As before, we accomplish this by fixing 7] G Cq°(M) such that rj = 1 on [— 1, 1] 
and rj(y) = if \y\ > 2, and defining r/j := r](2\I\~ 1 -). 

These data determine a compact arc 'y(I) =: T C T in the plane, which comes equipped 
with arclength measure a given, for y £ /, by 

(49) da(y) = (l + h'( y ) 2 ) 1 / 2 Vl (y)dy. 

Taylor expanding around y = 0, we note that the first two non-zero terms in the expan- 
sion of da(y) are independent of a and ip: 

(50) My) = (l + ^-y 2 + 0{y 4 )) m (y)dy. 

On the other hand, the curvature of T at a point 7(1/) is given, for small y, by 

KiV) = (1+^)3/2 = A + ^ " 3 ~Y )y2 + °^ A) - 

We have that k(0) = /i"(0) = A > 0. For k to have a minimum at y = it is necessary that 
a > (^) 3 - Let s denote, as usual, the arclength parameter for T. Then, by a straightforward 
application of the chain rule, we have that 

(51) (0 )= ( ) = 24a-3A 3 , 

ds z dy z 

and so hypothesis ([3]) in Theorem[3]is equivalent to a < §(^) 3 . All in all we have that 

In what follows, we will again denote by C[r] = C[r;A,a, the optimal constant in 
the inequality 

(53) ll/5||L6 (R2) <C[f]||/|| L2(5) . 

8.2. The unperturbed case. If a = if) = 0, we are dealing with the unperturbed parabola 
F\. As we have mentioned before, the corresponding optimal constant satisfies Ci?[A] = 
Cf[1]A _1//6 , and examples of extremizers are given by Gaussian functions e~ py I 2 for p > 0. 

Set Go(y) ■= e~ Xy I 2 , and consider functions of the form f = Go + <p with <p G L 2 (crp A ). 
Consider the corresponding functional 

(54) <j> ^ C F [X] 6 (j R \Go + 4>\ 2 dyf - J J \G X + fafdxdt > 0, 

where G\(x,t) := GoO"p A (— x,t) and <pi(x,t) := <pap^(—x,t). The former can be explicitly 
computed: 
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GiOr,t)=GW A (-x,t)= / G Q {y)e- itb £e ixv dy 



..2 



"(1-Mt) H-j^dy 

27T\l/2. , 1/9 3^ 

—J (l+it)~ i/2 e 2Mi+«y. 

One readily checks that Gi € L^ t (M 2 ) if and only if p > 4, but we are interested in L 6 
norms. Since Goap x is an even function of x, 

( 55 ) l|Gi||i6( R 2) = C F [A] 1 1 G 1 \L a (af x y 

We follow the work of [§] and expand the functional (|54|) up to second order, collecting 
the terms which do not depend on (j) in I, the ones which depend linearly on the real 
and imaginary parts of (j) i n H> an d the ones which depend quadratically on the real and 
imaginary parts of <fi in III. This yields: 

(56) I = C F [A] 6 ||G ||E-||Gi||i; 

(57) II = 6C F [A] 6 ||G ||^ J Got-mjJ |Gi| 4 G70 i; 

(58) III = 3C F [A] 6 ||G ||t J |^| 2 + 12C F [A] 6 ||Goi(K j Gq^)' 

|Ga| 4 |0i| 2 -6§fi // |G!| 2 G7 2 ^. 



We already know from ()55[) that 1 = 0. Since Go is an extremizer, we have that II = 
as well. Finally, note that III is, by definition, a quadratic form in eft; denote it by Q((f>). 
By the symmetries of the problem (respectively, multiplication by a real number, phase 
shift, space translation, Galilean invariance, scaling and time translation), we have that 

(59) Q(G ) = Q(iG ) = Q(yG ) = Q(iyG ) = Q(y 2 G ) = Q(iy 2 G ) = 0, 

and it is proved in [9] that Q is positive definite in the subspace of L 2 functions which 
are orthogonal to the functions indicated in (I59p . This non-degeneracy property will not 
be used here; rather, what is essential for our application is that Q{<p) > for every 
4> £ L 2 (M). This is immediate because II vanishes for every <p £ L 2 and (I54p defines a 
nonnegative quantity. 
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8.3. A variational calculation. In the spirit of the variational calculation in §17], we 
consider the one-parameter family of trial functions given by 

(G + ec/?) 0<e < eo , 

for some sufficiently small eo > 0, where Go(y) = e~ Xy2 / 2 and ip G L 2 (M.) will be chosen 
below, in such a way that 

(60) IMI2 = 1 and / G ip = 0. 



For technical reasons that will become apparent soon, we introduce an appropriate dilation 
of the cut-off rjj which localizes to the region \y\ < elog -, and define 

(61) SM ■= e- 1/2 (G + e^e^m (-^y) • 

Velogi / 

Notice that the family (/ e ) e >o is L 2 -normalized in the sense that 

(62) ll/elll^) = IICoIll + 0(e 2 ) ase^0+ 
Consider the quantity: 

(63) E(e) = C F [Xnal 2{ ~ ) -\\J^\\l. 



This is no longer a nonnegative expression by construction like 
Let 

XvP" 

(64) ■= c\ue 2 , 

where the constant c\ := (7r/4A 3 ) -1 / 4 is chosen to normalize \\1pW2 = 1- Then ip satisfies 
conditions ([60]) and Q((p) = 0. 

With this choice of (p, we claim that the function S = H(e) has the following property: for 
every A > 0, for every a£l satisfying (j52f) . and for every real- valued smooth ip satisfying 
7p(y) = 0(|y| 5 ) as |y| — > 0, H is a strictly concave function of e in a sufficiently small 
half-neighborhood of 0, provided the interval / is chosen sufficiently small (as a function 
of A, a and ip). Once we prove this we will be able to conclude that Cj?[A] < C[r], and 
Proposition [27] follows. 

Start by noting that lim^o H(e) = and H'(0) = 0. Indeed, one has that 

limS(e) = C F [A] 6 hm ||/ e ||| 2( ~ } - lirr iMZ\\« = [A] 6 1 1 C 1 1 1 - [|Gi[|| = 
for every a£l and A > 0. On the other hand, explicit computations show that 



de\e=0\\fef L 2 {?f) =6\\G \\^ J G <f 



and 

d e \ e=0 \\f^\\t = 6^t II IGifGTpi. 
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Since II = and Go _L (p, we have that 

(65) ZtJJ IGil 4 ^! = C F [A]||G ||fK Jg v = 

and it follows that H'(0) = 0, as claimed. 

Useful information will come from looking at second variations. The strategy will be to 
compute the second derivatives with respect to e (at e = 0) of good enough approximations 
to the two terms appearing in the definition of S. We start by analyzing the most involved 
one. 

8.3.1. The term \\f e a\\Q. To make the notation less cumbersome, we introduce the following 
parametrization: 

7, : e~ l ■ I -> R 2 

u h-> (u, h e (u) = + ae 2 u 4 + e~ 2 ip(eu)^ . 
Changing variables y = eu, we have that: 

tf(x,t)= [ f e (y)e-^ t >^Hl + h'(y) 2 ) 1 / 2 Vl (y)dy 
.Its 

[ {G + e^){u)e~ l{tx ^< u ~ h ^\l + ti {eu) 2 ) l ' 2 m { -\v\du. 



Consider an approximate version of 

w e (x,t) :=e~ 1//2 / e cr(e~ 1 a;, e~ 2 t) 



Jr v log7 ' 



2 

u )du. 



given by Taylor expanding J e (u) := \J\ + h'(eu) 2 £ C°°(I) and defining 

(66) u e (x,t):= /(G + e^)( U )e-^ t H^(«))( 1 + ^! e 2 M 2\ 7? / 1 

Jr V 2 / Mog± 

Also, set 

A 2 

y e (u) := (G + e<p)(u), g\{u) := u 2 (G + e(p){u) and da e (u) := (1 + —e 2 u 2 )du. 

Lemma 28. If I is a sufficiently small interval centered at the origin (chosen as a function 
of X,a,ip but not e), then 

(67) ||^||i = K||i = |K||i + 0(e 4 ) 
and 

(68) \\fe\\b& = \\9e\\h<?.)+Otf). 
as e ->■ 0+ . 
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Proof. By construction, v e is just w e with the term J e = (1 + /i'(e-) 2 ) 1 / 2 replaced by its 
Taylor approximation to order 2. For e < 1, set 

G e (u) :=(l + yeV)(G + e^)(«) 



and 



It follows that 



(69) v e (x, t) = g e ap )E (x, t) + — —gla Pjfi (x, t) + s e (x, t), 

where dap <e = rjj(eu)du. We obtain a uniform estimate for its L 6 norm: 

Claim 29. There exists a constant C < oo smc/i £/iai ||v e ||6 < C, for every sufficiently 
small e > 0. 

The claimed uniformity in e needs to be justified: it follows from undoing the substitutions 
y i y e~ l y and (x,t) i-> (e^x, e~ 2 i). Indeed, 

=e- 1 / 2 y e~ 1 / 2 (G + e^)(e~ 1 y)e-^ lx ^<y' h ^r !I {y)dy 
=e- 1 / 2 f^(e- 1 x,e- 2 t), 
where dap(y) := rji(y)dy. Since ||e _1 / 2 / e crp(e -1 -, e 2 -) 1 1 6 = ||/eCp||6) we have that 
H&^lle = \\e- l ' 2 J^p{e- l ;e- 2 -)\\ & = ||^|| 6 < ||/ e || 2 < C||G || 2 , 

for some C < oo independent of e, as claimed. Proceed similarly to get a bound 0(e 2 ) for 
the term involving g\. Finally, define 

g\(u) := -G e (u)(rn(eu) - ^(^T u )) 

and notice that s e (x,t) = g\ap je (x,t). Estimate: 

„ b„2 f (, * 2 e 2 2 3 \ 2 -A« 2 , 

lb, III - / [l + c x eu + —- u 2 + c x — u 3 ) e Xu du 

Jloge-^lu^e- 1 V 1 I J 

< g-caog,- 1 ) 2 <^ £ jv for every N € N _ 

Eliminating the substitutions as before, we conclude that 

IMe< ||^l|2 <e N , ViVGN, 
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where the implicit constants are all independent of e. Thus the contribution of the third 
summand is likewise small, and this concludes the verification of Claim [29] 

If we choose the interval / small enough (as a function of A, a and ip) such that 

y € / \h'(y)\ = \Xy + 4ay 3 + i//(y)\ < 1, 

then the remainder 

r t {x, t) := w t (x, t) — v t (x, t) 
will satisfy favorable bounds. By Taylor's theorem we have that 

(70) \r e (x,t)\ <Ce A I j"\ C v)u\G + e V )(u)e-^^ m (^u)du 

for some cq £ (—eu,eu) and some absolute constant C < oo. An argument analogous to 
the one used to establish Claim [29] yields the following estimate for the remainder term: 

Claim 30. There exists a constant C < oo such that \\r e \\Q < Ce 4 , for every sufficiently 
small e > 0. 

To finish the proof of Lemma [28l notice that ||w e ||g = \\ v e + r e|le = ll^elljj + 63 terms, all 
of which are 0(e 4 ) as e + . This is an immediate consequence of Holder's inequality, 
together with Claims [29] and [30J for example, 

\v e \ A vlr e dxdt < ||f e ||g||r e ||6 < Ce 4 . 

All other terms can be dealt with in a similar way, and the result follows. The verification 
of (1681) is easier and we omit the details. □ 



Since we are interested in second variations with respect to e of the L 6 norm ||/ e cr||g at 
e = 0, it will suffice, in light of (|67p . to analyze ||v e ||g. Start by noting that 

(71) v (x,t) = Gi(x,t) 

(72) d e \ e=0 v e (x,t) = (fi(x,t) 

(73) d 2 \ €=0 v e (x,t) = X 2 G 2 (x,t) - 2itaG 3 (x,t) 
where, as before, 

Gi(x,t) := G a Fx (-x,t) = ( — J (l + it)~V 2 e 

and 

, — . ic\ /2ir\ 1 / 2 , , o/n si 

<pi(x,t) := ipa Fx (-x,t) = [l + it)~ i,2 xe a*U+") . 

Additionally, 

G 2 (x,t) := [(u 2 G )a Fx ] A (-x,t) 

y 2 G^y)e~ lt ^e lx Uy = 2\~ l id t G l {x,t) 



-(x-^l + it)- 1 - \- 2 x 2 (l + it)- 2 ^}G 1 {x,t) 
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and 

G 3 (x,t) : = [(n 4 G )a P J A (-x,t) 

y 4 G (y)e- u ^e^dy = -AX'^G^t) 

= (3A~ 2 (1 + it)~ 2 - 6A~ 3 x 2 (l + it)" 3 + A~V(1 + it^G^x, t). 

Remark 31. The calculations to follow, which lead to formula ()74p below, are largely 
formal and need to be justified. In particular, the fact that e4 1 1 1 1 g is twice differentiable 
at e = is proved in Appendix 1. 

As a first step in the direction of computing <9 2 | e= o||v e ||g, we look at d e \v t \ 6 (x, t): 

d e \v e f =d e {v 3 v; 3 ) 

=3v 2 (d e v,)v; 3 + 3v^ 2 (d e - e )v e 3 . 
Recalling ([71]) — ([72]) , it follows that 

de\e=0\Vef = 6K(G 2 ^Gf ) 

and so (|65p implies 

e |e=o|Hli = 6K // {G^Ch^dxdt = 0, 



which we already knew. We differentiate once again and obtain 

d 2 \v € f = 2^(6v e (d e v e ) 2 % 3 + 3v 2 (d 2 v e )v; 3 + 9|?; e | 4 |<9 e ?; e | 2 ) . 
which at e = equals (recall ([7T|) — (f73|) ) 



d 2 | e= oK| 6 =2^6v (d e \ e=0 v e )W + 3v 2 (d 2 \ e=0 v t )vt 3 + 9\v \ 4 \d 6 \ t=0 v t \ 2 ^ 
=2K(6Gi^ 2 G7 3 + 3G 2 (A 2 G 2 - 2itaG 3 )G{ i + 9|Gi| 4 |^i| 2 ) . 



Thus 



(74) ^d 2 | e =olkll6 = 9 JJ \Gi\ A \yi\ 2 dxdt + 65ft J J \d\ 2 Gi ip{dxdt 

+ 3A 2 K [[ \G 1 \ 4 GlG 2 dxdt - 6a ft ^{i^G^GlG^dxdt. 



The first two summands on the right hand side of (|74p appear (with opposite signs) in the 
expression (|58|) for the quadratic form Q. The last two summands, on the other hand, can 
be explicitly evaluated, and that is our next task. The proofs of the following claims are 
deferred to Appendix 2: 



32 DIOGO OLIVEIRA E SILVA 

Claim 32. 

(75) 3A 2 K // \G l {x,t)\ A G^T)G 2 {x,t)dxdt = -^l 2 \- l l 2 C F [\f. 

J Jm? 2 

Claim 33. 

(76) ~ 6a JJ ^{^|Ci(x, t)| 4 Gi(x, t)G 3 (x, t)}dxdt = -4avr 3 / 2 A~ 7/2 C F [A] { 
It follows from ([Till . (175 11 and ([76 1 that 



1 tfl _IL. 116 _ n // lr>.|4|,„ i2r ftSD / / ir'. |27=7- 2 , ,2, 



(77) -^le^lHle = 9 // |Gi| 4 |^i|^di + 65ft // \Gi\ 2 G! ipfdxdt 



+ ^3/2 A -i/2 Cf[a]6 _ 4a^ 3 / 2 A- 7 / 2 C F [A] 6 . 



8.3.2. TTie term ||/e||f,2(g:)- In view of ([68]) . it will be enough to compute the approximate 



expression ||cjf e || 2 2 ,~ >. Since Go -1 </>> we have that 



W)= /J(Go + ^)(n)| 2 (l + yn 2 6 2 )dn 

A 2 



\G {u)\ 2 du + ( y \<p(u)\ 2 du+ — j u 2 \G (u)\ 2 dv)je 2 

+ (A 2 K y u 2 G (u)^(u)du)e 3 + (y ^ u 2 |99(n)| 2 dn)e 4 , 
which in turn implies 9 e | e =o||5 f e||^2(g: \ = and 

9 2 | e= o||ft||| 2(5e) = 6||G ||^( | |^(n)| 2 dn + ^ | u 2 \G (u)\ 2 du) . 
One last computation shows that 

6||G ||i(y J u 2 \G (u)\ 2 dv)j =3A 2 ( J°° e~ Xv? 1 dvtf '( ^ u 2 e~ Xu2 du 

=3A 2 ^^ = ^A^, 
A 2A 3 / 2 2 



and so 



(78) \d%=*U\\l^) = *\\G4i J W{u)\ 2 du + ^A-V 2 . 
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8.3.3. Putting it all together. Using the approximations ([67]) and ([68]) given by Lemma 1281 
we get that: 

""(0) _ r< r\l6 ^ ^)2i n_ it e la2i 1 1 i|6 

The main terms in these approximations have been explicitly computed in (1771) and (178p . 
We obtain: 

^^ = 3C F [A] 6 ||G ||^ J \y{s)\ 2 ds + ^C F [\]V 2 \- l l 2 -V jj 

-6St ft |G 1 | 2 GTV?^-^ 3 / 2 A- 1 / 2 C F [A] 6 + 4a^/ 2 A- 7 / 2 C F [A] 6 . 



Recalling the definition (|58p of the quadratic form Q and the fact that Go -L ip, 
"""" = Q(ip) - -^X^CpiXf + 4avr 3 / 2 A- 7 / 2 C F [A] 6 . 



2 

It follows that 

H ( e ) = (q^) - ^ 3 / 2 A- 1 / 2 C F [A] 6 + 4avr 3 / 2 A- 7 / 2 C F [A] 6 )e 2 + 0(e 3 ) 

for sufficiently small e > 0, and so 3 is strictly concave in a neighborhood of if and only 
if 

Q(ip) - ^tt^A-^c^IA] 6 + 4a7r 3 / 2 A- 7 / 2 C F [A] 6 < 0, 



that is, if and only if 



3/Ax3_ m /2 
2 V2^ 4vr3/2C F [A]6 ' 



The right hand side of this expression equals Iff) since Q(f) = 0. 



2 V 2 , 

We have proved that, for the choice of <p given by (I64p . for every A > 0, for every a£l 
satisfying ([52]) and for every real-valued smooth ip satisfying ip(y) = 0(\y\ 5 ) as \y\ — >• 0, 3 
is a strictly concave function of e, for sufficiently small e. In particular, 3(e) < 0, which is 
equivalent to 

cHA] 6 ii/eii 6 L2(?) < wmi 

Together with (J53]), this implies 

C F [A] < C[f]. 

Trivially, CT] < C[r], and this finishes the proof of Proposition [27] modulo the work 
deferred to the Appendices. 
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Remark 34. We have been working under the additional assumption that the curvature 
nofT does not attain a global minimum at one of its endpoints. This represents no loss 
of generality. Indeed, if that were not the case and, say, k attained a global minimum 
at po = 7(0), then we could perform an identical variational calculation with functions f e 
defined in a similar way to (|6ip but supported instead on small neighborhoods T e of points 
p e = 7(s e ) 6 r with \s e \ x e. It is straightforward to check that the computation carries 
through. We omit the details. 

9. The end of the proof 

Recall that by T Sjr we mean the adjoint Fourier restriction operator on a cap C = 
C(s,r) C r. The following (easy) estimate is the last one we need in order to finish the 
argument: 

Lemma 35. // a sequence {f n } C L 2 (a) concentrates at a point j(s) G T, then 

lim ||/ n cr|| 6 < lim lim ||T sr / n || 6 . 

n— >oc r— >0+ n ~ 

Proof. Set Tf := fa, and let r > be arbitrary. The Tomas-Stein inequality implies 



||(T-T fl , r )/ n || 6 < ( / \f n 



2 da 



1/2 



F\C(s,r) 

It follows that 

||r/ n ||6 < ||T , Sir / n || 6 + \\(T — T Sjr )f n \\ e 

<\\T,, r fnh + c( f \f n \ 2 da 
V JT\C(s,r) 



1/2 



Since {f n } concentrates at 7(5), we have that 

lim ||T/ n || 6 < lim ||T s r / n || 6 +0 

n— >oo n— >oo 

for every r > 0. The result follows. □ 

We can now prove that condition (|42p in Proposition [21] cannot happen i.e. that the 
sequence {F n } promised by that proposition cannot concentrate. Suppose it did concen- 
trate at some point 7(s) S T, and assume as before that H-Fnlh — > 1. By Corollary 1261 we 
know that k{^{s)) = A. We may again assume that 7(s) is not an endpoint of V. Then, by 
Lemma [35] and Proposition [2j 



C[r] = lim Hi^dlle < lim lim 1 1 r s r .F^, 1 1 6 < lim ||T sr .|| = C_p[A], 
a contradiction to Proposition [27] This concludes the proof of Theorem [3] 
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10. Appendix 1: ||w e ||e is twice differentiable at e = 



Recall that 

v e (x,t) 



(Go + e<p)(u)e 



-i(x,t)-(u,^-+ae 2 u 4 +e- 2 i>(eu)) 



1 + yeVjJ/, 



1 



logi 



u)du, 



where < e < e , A = min r K, G (u) = e~ Xu2 / 2 , <p(u) = c x ue~ Xu2 / 2 , a E [A 3 /8, 3A 3 /16), V 
is a real-valued smooth function satisfying ip(y) = 0(|y| 5 ) as \y\ — > 0, and nj is a mollified 
version of the characteristic function of the interval /. 
The main goal of this appendix is to prove the following: 

Proposition 36. The function e i— > II II ^6 (r 2 ) twice differentiable at e = 0, and 
(79) dX=o\\ve\\l = 18 / / \G 1 \ A \i Pl \ 2 dxdt + 12$t [ [ Idl 2 G^ 2 ^ 2 dxdt 



+ ^' 2 \- l l 2 C F [\f - 8a^ 3 / 2 A- 7 / 2 C F [A] 



It is enough to show that 



(80) 



d e \v e (x,t)f 



dxdt < C and 



d e 2 MM)| £ 



dxdt < C 



for a finite constant C (independent of e) and every < e < eo- The existence of c^l^oH^Hg 
will then follow from standard tools of analysis, and the formal computations from ^8.3.11 
show that its value is given by formula (fT9j) . 

For e < 1, set, as in the proof of Proposition 1281 

G e (u)= (l + yeV) (Go + £</>)(«). 

We have the following expression for the oscillatory integral: 

1 



v e (x,t) = / e"^")^)^ U W 

./id ^log- 1 - ' 



where 



(81) <f> e (u) := -u+ — + oe 2 u 4 + e-V(«*)- 

t 2 

In order to present the main estimates for v e , it is convenient to perform a decomposition 
of the (x,t)-plane which we now describe. Let rjo,r] G Cq°(R) be even and smooth cut-off 
functions supported in [—1,1] and [—2,-1/2] U [1/2,2] respectively, with the properties 
that < % < 1, < rj < 1, and 

(82) r)A T u) = rj (u) + n(2~ k+1 u) for every m?K. 

Vlo §7 y ti 
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This can be accomplished with 2 K ^ X log We obtain, in particular, a smooth partition 
of unity in the interval \ log - • / subordinate to the dyadic regions T> k :={«£] 
\u\ < 2 k }. This allows us to express v e as a sum of x K{e) integrals: 



< 



K(e) 



(83) 

where 



v e (x,i) = v e>0 (x,t) + v t)k (x,t), 

k=l 

v efi (x,t) := / ^MG^^o^du 



and 

(84) v e>k (x,t):= [ e-^ (u) G £ (u) ?? (2- fc+1 u) ( iu 

for G {1,2,... ,K(e)}. Define: 



Co := {" 



x,t) G 



p2 . 



< A 



£ fc := |( x ,t) G R 2 : A2 fe " 2 < 



x,t) G 



p2 . 



<A2 fc }; (ke{l,2,...,K(e)}) 
> Alog-}. 



This yields a decomposition of the (x, t)-plane as a union of cones 

K(e) 

(85) i^eouU^uCoo. 



which parallels (f82j) . For G {2, 3, . . . , K{e) — 2}, define the "enlarged" cones 

C k := £ fc U Cfcii U <L k±2 . 



Additionally, let 



CJ := «o U £i U £2; 
Cj := CoU£iUf 2 U £3; 

£ K(e)-l := £ i^(e)-3 U Cjfi 



^K(e)-1 :_ ^K(e)-3 U ^K(e)-2 U £ff(e)-l U ^if(e) U ^oc.; 



The estimates in the following proposition are an expression of the stationary phase 
principle, which roughly states that the main contribution for an oscillatory expression like 
(|84h comes from the information concentrated on neighborhoods of the stationary points 
of its phase function. 
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Proposition 37. For k € {1,. . . ,K(e)} and for every sufficiently small e > 0, there exist 
a k >0 such that 

{ <t>-V2 if(x,t)e€* k , 
{t)- 1 if (x,t) e £ , 



K,fc(M)l ^ a k ■ < 
and ^ fc 2 fc afc < oo. If k = 0, then 



(x)- 1 if(x,t) € (Uu_fe|>2^J U£o 



l^,o^, r;i „ | otherwise . 

Proof. To make the notation less cumbersome, we will limit our discussion to the case when 
k G {3, 4, ... , K(e) — 2}. The other cases follow in a similar way. 

Case 1. (x,t) G 

Without loss of generality we may assume that (x, t) G €* k is such that the phase 4> e has 

a critical point in the support of the cut-off function Vl(j~t • ) 5 for otherwise we could 

integrate (|84p by parts and obtain a better decay in t. This critical point is necessarily 
unique. In other words, there exists a unique uq G 2 log | • I such that 

(86) = f + A ^o + 4ae 2 njj + e^V (en ) = °- 

In general one cannot hope to solve this equation explicitly for no- However, since \uo\ < 
log - , we have that 

x 

uo = + O a>i ,(e). 

In particular, since (x,t) G €* k , we have that |no| x 2 fe . 

Translating u i— )• n + no and defining <?!> e (n) := </> e (n + no) — ^(no), we have that 

U £ (x,t) = e -^(«o) f e -^M Ge ( n + Uo )^( ^ ( u + nQ )W 

v log7 ' 

It will suffice to get good estimates on 

(87) v e (x,t) := e u ^ u ^v e (x,t) = [ e~ u ^ ^GJu + n k/ ( — ^(n + n )) du. 

7m Vloe- 1 - / 



The new phase function (/> e satisfies 



e (O) = = ^(0) and ^( ) = A + O(e). 

In particular, the origin is its unique nondegenerate critical point. This property is shared 
by the quadratic function Di->y. Inspired by the proo£| of the usual method of stationary 
phase, we will change variables once again. 



3 See, for instance, [23 pp. 334-337], 
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Recalling definition (f8Tj) and identity ([86]) . and using Taylor's formula, we have that 



v 2 



— :=4>e{u) = 4>e{u + Uq) - (/>e(u ) 



V 2 

— [{\ + \2au\<?) + 8au e 2 u + 2ae 2 u 2 J + e~ 2 ip(e(u + u )) - e~ 2 ip(eu ) - ue~ V(e«o) 

=— (JA + \2au\t 2 ) + 8au e 2 u + 2ae 2 u 2 + ifi"(e(u + 0u)) 
for some 6 £ (0, 1). Taking square roots, 

1 /2 

(88) v = u((\ + l2au 2 e 2 ) + 8auoe 2 u + 2ae 2 u 2 + ip'\e(uo + 6u)j^ =: S e (u). 

Take e > sufficiently small. Then <3? e is a C 00 diffeomorphism from 2 log ^ • / onto its 
image, whose inverse we denote by := One can verify directly that ^nr(u) > for 

every «g2 log - • I. As a consequence, 



(89) v e (x,t) = [ e-^G^M+u^mi-^^^+u^^^dv. 

Jr v logi / dv 

Rewriting ([55]) as 

(90) $ e (u) =u(a + 2a(2ng + (2u + uf)e 2 + V"(e(uo + Ou)]^ 12 

and recalling that A, a > and tp" (e(uo+6u)) = 0(e 3 ), we see that <i> e is twice differentiable 
as a function of e for sufficiently small e. The same holds for ^$f-, and using the chain rule 
one can draw similar conclusions about ^ e and 

In what follows, C will be a finite non-zero constant that may change from line to line 
and depend on the parameters A, a, the function ip and the interval I but will always be 
independent of e,x and t. This uniformity is crucial in our analysis. 

We proceed to prove some uniform (in e) bounds for and d d %* ■ Start by observing 
that, for every sufficiently small e > 0, 

C~ l \u\ < \® e (u)\ < C\u\, Vu G 21ogi •/. 

bmce <S> e o^ e = id on $ e (21og|-I) CClogi-I, we have the same uniform bounds for 

(91) C~ l \v\ < |* e (u)| < C\v\, Vu € Clog ~ • I. 



We also have the uniform bounds 

,92) C" < |*(„) 



<C, V«€21og--J. 

e 
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By the inverse function theorem, 



(93) 

and so (192p implies 
(94) 



1 



do" f(f £ (,)) : 



c- x < 



d$t t 



dv 



(v) 



<C, to eClog- • I. 

e 



Only the upper bound will be useful to us. In a similar way one can conclude that 



(95) 



d 2 ^ f 



dv 2 



<C, toe Clog--/. 

e 



We also need to estimate the Gaussian term G e appearing in (J89J) and some of its 
derivatives. The following claim, whose proof is straightforward and therefore omitted, 
provides good enough bounds: 

Claim 38. The following uniform estimates hold for every sufficiently small e > ; for 
every nonnegative integer n and for every u E 2 log - • I: 



d" 



du r ' 



G e {u) < n (u) n e~ 



Let us go back to (|89p . Introducing the cut-off functions rj and r/o as before, we can 
expand 

K(e) 

(96) 
where 



v e (x,t) = v efi (x,t) + ^2 v ejk (x,t) 



k=l 



;,o(M) := / 



e- itV -G t {^ t {v) + u )^(v)ri {^ t (v) + u )dv 
dv 



dV f 



and 



c.jA.r.t) / e- u ^G t (* e (v) + u )^(v) V (2- k+1 (* t (v)+u ))dv 



for k G {1, . . . ,K(e)}. As before, \v €t k\ = \v €t k\ pointwise. 
Define: 

(97) be ( v ):= Ge (y e ( v ) +Uo )^±( v ) ail d r/(2- fe+1 (* e («) + «o))- 

dv 

Notice that % £ Cq°(R) is supported on 

£ k := {v G Clog ~ • I : 2 fc - 2 < |¥ e (v) + u | < 2 fc }, 
and that b e is a Schwartz function on This justifies the use of Plancherel's Theorem: 
v e , k (x,t)= [ e-^beWrikWdv = (-2 7 ri) 1/2 r 1 / 2 / e^Q^. 

JR JR 
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Set a,k ■= \\b t r]k\\Li. We will be done analyzing Case 1 once we verify that the sequence 
{a,k}k decays rapidly enough to force the series J2 k 2 k au to converge. 

We start by estimating the L 2 norm of the function Changing back to the original 
variable u = ^ e (v) and using Holder's inequality together with estimate (|94|) and Claim 
1381 for n = 0, one gets that 



IMfc" 2 



L 2 



dv 



< 



\u+u \~2 k 



G e (u + u )v(2- k+1 (u + u )) 



dv 



(*«(«)) 



du < 2 k e 



fc -A4 ft 



An analogous argument, using estimate (|95p instead, yields 



d_ 

dv 



Q>eVk) 



L 2 



< 2 6K e 



3fc -A4*- 1 



Using Cauchy-Schwarz and Plancherel, we see that these two estimates are enough for 
our purposes: 

1 



a-k = WbeVkl 



'iei<i 



<\\b e r)k\\ L 2 + 
This concludes the analysis of Case 1. 



I«I>1 



ifi>i 

ir 2 ^ 



1/2 



|CI>1 



iei 2 iM*(Oi 2 de 



1/2 



L 2 



< 23fc/2 g -A2 2 



Case 2. (a;,i) G £ 

The crucial observation is that, since (x,t) G £o and k > 2, the phase <^ e has no critical 
points in the support of rj(2~ k+1 -) i.e. the dyadic region T>k = {u G R : 2 fc ~ 2 < |u| < 2 fc }. 
Indeed, since || | < A, we have that 



(98) 



du 



(u) 



+ An + 0(e) 





X 




> -(\Xu\ - 




)>- 


~ 2 V 1 


1 





A 



->fc-2 



1) > 



A 



if e > is chosen sufficiently small. 
Integrating (|M|) by parts, we get 



\Ve,k(x,t)\ 



V, 



<1 



du V £ (u) 
+ 



^(G e («)r ? (2- fe + 1 n)) , a(«) ?? (2- fc + 1 u)^(n) 



(3?(«)) S 



du. 



Holder's inequality implies 
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and the desired estimatdj] now follows from (|98p . Claim [38l and the fact that is uniformly 
bounded on T> k . 

Case 3. (x,t) G £j for some j such that \k— j\ > 2, or (x,t) G Coo The proof is identical 
to that of Case 2 and is therefore omitted. □ 

Let us go back to the proof of Proposition [36l Observe that the estimates from Proposi- 
tion[37]readily imply the following special case of the I? — > L 6 adjoint restriction inequality: 



(99) // \v e (x,t)\ b dxdt < C. 

JJm 2 

Indeed, using the expansion ([83]) . we have that 



R2 k u ...,k 6 



v e (x,t)\ 6 dxdt = ^2 // v t>kl v etk2 v e ^v e>k4 v e ^ s v ejk6 dxdt 



where, for each j G {1, . . . , 6}, the sum is taken over kj G {0, 1, ... , K(e)}. For a fixed 
(fci, . . . , ko) the corresponding integral can be written as a sum of x K{e) integrals over 
the regions given by decomposition (j85|) . and using the bounds given by Proposition [371 on 
each of these regions one readily obtains (|99p . Note that 



(t)~ 3 dxdt x 2 k 



and so it is crucial to know that 2 k a k < oo. 

To prove (|80p . it is enough to control the following integrals: 



J (e) := / / \v e (x,t)\ 5 \d e v e {x,t)\dxdt; 
7 1 (e) := // \v e (x,t)\ 5 \d^v € (x,t)\dxdt; 
J 2 ( e ) : = / / {v^x^t^ldev^x^^dxdt. 



The reasoning just described to prove (I99p can be used to establish bounds for the integrals 
Jo( e )j and /2(e) which are uniform in e, as long as we have an analogue of Proposition 
[37jfor first and second derivatives. As before, bounds for d e v € and d^v € will suffice. Let us 
focus on the more involved case of second derivatives: 



One could repeat this argument N times and obtain a bound \v e ,k(x, t)\ <k,N (t) for (x,t) £ £0, but 
this extra knowledge would be of no significance to our analysis. 
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Proposition 39. For k G {1, . . . , K(e)} and for every sufficiently small e > 0, there exist 
bk > such that 

{ (t)-V2 if(x,t)ec%, 
{t}- 1 if(x,t)€€o, 



\d;v e , k (x,t)\<b k - { 



(x) 



-i 



if{x,t) G ( U|j-*|>2^ 



£i u Co 



and 2^6^ < oo. If k = 0, then 

I (x) otherwise. 
The proof follows the same steps of Proposition [371 with only one difference: 



We need appropriate bounds for d e 



dip 



and d: 



Let us briefly outline how to accomplish this. Using 



dip 

we have that 



for j€ {1,2}. 



$ 6 (¥ 6 (w)) = * e (v) A + (12au^ + 8au ^ e (u) + 2a1' e (u) 2 )e i + ^"(e(u + 0¥ e (v))) 



1/2 



Differentiate both sides of the last identity with respect to e, the left hand side being 
obviously equal to 0. For the right hand side, we get two kinds of terms, depending on 
whether or not they contain a factor of the form d e ^f e . Grouping together in one side of 
the equation all the terms which do contain such a factor, we can estimate: 



(100) 



\d e V e (y)\<C, VuG Clog--/. 



It is also elementary to show that 



(101) 



£ \du 



(«) 



<C, V«€21og--7. 

e 



Differentiating both sides of (|93p with respect to e, we obtain 



du 



(v) 



2 ' 



Using estimates (|92p and (jlOOp . we similarly conclude that 



(102) 



dv 



(v) 



<C, Vug Clog--/. 

e 



Repeating this whole procedure once again, we conclude in an analogous way that 



(103) 







d^ e 

dv 



(v) 



<Cu 2 , VuG Clog--/. 

e 



The terms d e ( d d ^ c ^ and <9 2 ^ d d Hff \ can be dealt with in a similar way. Recalling what we 
already know from (|94p and (|95p . we arrive at the following lemma: 



Lemma 40. The following estimates hold for j G {1, 2}, for every sufficiently small e > 
and for every v G Clog - • /: 
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(i) 
(ii) 



dv3 y u i 



<C; 



<C; 
<Cv 2 . 



Lemma dO] can be used together with the estimates from Claim [38] to prove Proposition 
We omit the details. 



11. Appendix 2: Two explicit calculations 

Claim [321 

(104) 3A 2 K / f \G 1 (x,t)\ 4 G 1 (x,t)G 2 (x,t)dxdt = -tt^A^C^A] 6 . 

J Jr 2 2 

Proof. As first observations, note that 

(105) G 1 (x,t)G 2 (x,t) = (X^il + it)- 1 - \- 2 x 2 {l + it)- 2 ^\G l {x,t)\ 2 



and 



\Gx{x,t)\ 2 = 2 ^{l + t 2 )-y 2 e~^ 1 ) . 
A 



It follows that the left hand side in (j!04p equals 
'2tt\3 

3A^ 



{^)^JJ (x-Hl + ity 1 -\~ 2 x 2 (l + it)- 2 )(l + t 2 )-^ 2 e'^)dxdt. 

Write (l + it)- 1 = (1 + t 2 )- l {\ - it), (l + it)' 2 = (1 + t 2 )~ 2 (l - it) 2 , and change variables 
V = (1+f 2)i/ 2 to compute 



I:=K 1 1 (l + t 2 y\l-it){l + t 2 y 3/2 e T ^ T )dxdt = JJ{l + t 2 )- 5 / 2 e dxdt 



7T 



7T \l/2 ^ 3 / 2 



A l/2 



and 



2 V3/A/ 2^ 
II :=3? / j x 2 (l + t 2 )~ 2 (l - it) 2 (l + t 2 )- 3 / 2 e"M^) dxdt 

33 .2 

(l + t 2 )- 7 / 2 (l-t 2 )x 2 e M^dxdt 

oo 1 _ t 2 



(1 + t 2 ) 2 




dt)( y z e- — dy \ = 0. 
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All in all we have that 
3A 2 K J J \Gi(x,t)\ 4 G 1 (x,t)G 2 (x,t)dxdt = 3A 2 (y) 3 (A -1 I - A~ 2 II) = 3A~ 2 (2vr) 3 I + 

3,^-1/2(2^-1 = 3 3/2 A -l/2 c [A] 6 n 

2 ^3 2 M J 

Claim [331 

(106) ~ 6a JJ ^{ it \Gi{x,t)\ A G 1 (x,t)G 3 (x,t)^dxdt = -4air 3 / 2 \-^ 2 C F [Xf. 

Proof. As with (|1Q5|) . we have that 



G 1 {x,t)G 3 {x,t) = (3\- 2 (l + it)- 2 - 6A~V(1 + it)' 3 + A"V(1 + it)" 4 ] t)| 2 , 
and so the left hand side in (|106p equals 



- 6a(y) y / ^{^(3A- 2 (1 + it)- 2 - 6A~ 3 x 2 (l + it)~ 3 + A~V(1 + it)" 

• (1 + i 2 )- 3 / 2 e " M^TT?) 

Note that + it)- 2 } = 2i(l + t 2 )~ 2 , + ii)" 3 } = (3t - t 3 )(l + t 2 )~ 3 and 

+ ^)" 4 } = (4t - 4t 3 )(l + t 2 )- 4 . Change variables y = (1+ J )1/2 to compute 

I:= [ [ 2t 2 {l + t 2 )- 2 {l + t 2 )- 3/2 e~^T^)dxdt = [ [ 2t 2 (l + t 2 )- 7/2 e~^0^ dxdt 

e'^dy^j 



°° 2t 2 \ / f°° 3y 2 

dt 



-00 

(1 + i 2 ) 3 

j —00 

7T / 7T \l/2 7T 3 / 2 



4 V3/A7 4^/3 



A 1 / 2 , 



II := / / x 2 (3t 2 - t 4 )(l + t 2 )" 3 (l + t 2 )~ 3 / 2 e~^) dxdt 

{3t 2 -t 4 )(l + t 2 y 9/2 x 2 e W&5dxdt 
00 3t 2 -t 4 



(l + t 2)3^)( / V e x dy)=0 



and 
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oo V A 1 " / J — oo 



(1+i 2 ) 3 

"•(^(sTa) 17 ^-^ 572 - 



All in all we have that 
-6a J J »|it|Gi(x,t)| 4 Gi(x,t)G 3 (^,t)}^dt = -6a(y) 3 (3A~ 2 I-6A- 3 II + A- 4 III) 

= -a(18A- 2 I + + 6A- 4 III)(y) 3 

U 12/ 

= -4a7r 3 / 2 A- 7 / 2 C F [A] 6 , 
as claimed. □ 
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